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Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt

of this question paper.
2. All questions are compulsory.

3. Attempt two parts from each question.

1. (a) Find and sketch, showing corresponding

orientations, the images of the hyperbolas
x> —y*=c¢, (¢c;<0) and 2xy = ¢, (¢, <0)

under the transformation w = z2, (6)

P.T.O.



4512 2

(b) (i) Prove that the limit of the function

as 7 tends to 0 does not exist.

(i) Show that

: 422
lim
Z—>0 (Z _ 1)

~=4. (3+3=6)

(c) Show that the following functions are nowhere

differentiable.

(1) f(z) =z - z,
(ii) f(z) = eYcosx + ieYsinx. (3+3=6)
(d) (i) If a function f(z) is continuous and nonzero

at a point z,, then show that f(z) # 0
throughout some neighborhood of that point.

(i) Show that the function f(z) = (22 — 2)e eV
is entire. (3+3=6)

2. (a) (i) Write |exp(2z + i)| and |exp(iz*)| in terms of
x and y. Then show that

lexp exp (2z +1i) + exp(iz?)] < e + e W
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(i) Find the valuce of 7 quch that

N RRVAY (3.5+3=6.5)

() Show that

(i) cos(iz)=cos(iz) for all z;

(ii) sin(iz)=sin(iz) if and only if z = nmi

(n= 01, £2,....). (3.5+3=6.5)
(c) Show that

(i) log log (i%) = 2logi where

T
logz = Inr + 16(r > 0. — < —
g (r ' 9<4).

(i) log log (i%) # 2logi where

. 3n 11
logz = Inr + iB(r>0, — —
( >y <0< 1)
(3.5+3=6.5)
(d) Find all zeros of sinz and cosz. (3.5+3=6.5)

P.T.O.
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i

(a) State Fundamental theorem of Calculus.

Evaluate the following integrals to test if

Fundamental theorem of Calculus holds true or

not :

(1) In t+1l dt

(i1) J';(3t ~ i)2 dt (2+2+2=6)

(b) Let y(x) be a real valued function defined
piecewise on the interval 0 < x < 1 as

y(x) = x’sin(n/x), 0 < x < 1 and y(0) =
Does this equation z = x + 1y, 0 < x < 1 represent

(1) an arc

(11) A smooth arc. Justify.

Find the points of intersection of this arc with real

ax1s. 2+2+2=6)

(¢) For an arbitrary smooth curve C: z=z(t), a<t<b,
from a fixed point z to another fixed point z,,
show that the value of the integral depends only

on the end points of C.
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N

State if it is independent of the arc under

consideration or not?

Also, find its value around any closed contour.
(3+1+2=6)

(d) Without evaluation of the integral, prove that

lez

Pl
z°+1

S—l— where C is the straight line
245

segment from 2 to 2 +i. Also, state the theorem

used. (4+2=6)

(a) Use the method of antiderivative to show that

j(z—zo)n_l dz=0, n = £1, +2,-- where C is any
C

closed contour which does not pass through the

point z,. State the corresponding result used.

(4+2.5=6.5)

(b) Use Cauchy Gourset theorem to evaluate :

(i) f‘f(z)dz7 when f(z)=

- and C 1s
Z2-+27+2

the unit circle

z| =1 in either direction.

P.T.O.
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’5 + . .
(1) j d/ when l‘(y,) e and C is
¢ G P

the circle |z - 2| = 2. (3+3.5=6.5)

(¢) State and prove Cauchy Integral Formula.
(2+4.5=6.5)

(d) Evaluate the following integrals :

COSZ

N J- (z +8)

, where C 1s the positive

oriented boundary of the square whose

sides lie along the lines x = +2 and y = +2.

(11) J-2s = s, |z| # 3 at z = 2, where C

is the circle |z| = 3. (3.5+3=6.5)

5. (a) If a series of complex numbers converges then
prove that the nth term converges to zero as n

tends to infinity. Is the converse true? Justify.
(6.5)
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(b) Find the Maclaurin series for the function

f(z) = sinh z. (6.5)
n .
(¢) I a scries Z" q (zwz ) converges to f(z) at
n=0 " 0,
all points interior to some circle |z —z,| = R, then

prove that it is the Taylor series for the function
(6.5)

f(z) in powers of z -z,
(d) Find the integral of f(2) around the positively

(3z+ 2)2
oriented circle |z| = 3 when f(z) = z(z—l)(2z+5) :

(6.5)

. . Z :
6. (a) For the given function f(Z):("AJrJ , show any
27+

singular point is a pole. Determine the order of

each pole and find the corresponding residue.

(6)

(b) Find the Laurent Series that represents the function

N |
f(z)=z smz—2 in the domain 0 < |z| < .  (6)

P.T.O.
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(¢) Supposce that Zoo Xy by o(no= 1,23, and "
S N Y. Then show (hat .

\“‘\ Y ) \‘ s e — 00 D Y
2o Ze =S }_‘n_]x” =X and an]yn =Y

(6)

(d) It a function f(z) is analytic everywhere in the
finite plane except for a finite number of singular’
points interior to a positively oriented simple closed

contour C, then show that

| f(z)dz =2m[-212-f(éﬂ , (6)
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4.

Use of Scientific calculator, Basic calculator and
Normal distribution tables all are allowed.

(a) Explain Duration of a zero-coupon bond. A S-year
bond with a yield of 12% (continuously

compounded) pays a 10% coupon at the end of
each year.

P.T.O.



4749 2

(i) What is the bond’s price?

(ii) Use duration to calculate the effect on the
bond’s price of a 0.1% decrease in its
yield? (You can use the exponential values:
e* = 0.8869, 0.7866, 0.6977, 0.6188, and
0.5488 for x = -0.12, —0.24, -0.36, —0.438,
and -0.60, respectively)

(b) Portfolio A consists of 1-year zero coupon with a
face value of ¥2000 and a 10-year zero coupon

bond with face value of ¥6000. Portfolio B consists
of a 5.95-year zero coupon bond with face value

of ¥5000. The current yield on all bonds is 10%
per annum.

() Show that both portfolios have the same
duration.

(i) What are the percentage changes in the

values of the two portfolios for a 5% per
annum increase in yields?

(You can use the exponential values: e* = 0.905,
0.368, 0.552, 0.861, 0.223 and 0.409 for x =-0.1,

-1.0,-0.595, -0.15, 1.5 and —0.893 respectively)

(¢) Explain difference between Continuous Compounding
and Monthly Compounding. What rate of interest

with continuoys compounding is equivalent to 15%
Per annum with monthly compounding?
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(d) (i) “When the zero curve is upward sloping, the

(11)

zero rate for a particular maturity is greater
than the par yield for that maturity. When
the zero curve i1s downward sloping the

reverse 1s true.” Explain.

Why does loan in the repo market involve

very little credit risk?

2. (a) Explain Hedging. How is the risk managed when

(b)

Hedging is done using?

(1) Forward Contracts; (ii) Options

(1)

(11)

Suppose that a March call option to buy a
share for ¥50 costs ¥2.50 and is held until
March. Under what circumstances will the
holder of the option make a profit? Under
what circumstances will the option be

exercised?

It is May, and a trader writes a September
put option with a strike price of ¥20. The
stock price is T18, and the option price 1s 2.
Describe the trader’s cash flows if the option
is held until September and the stock price is

225 at that time.

P.T.O.
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(c) Write a short note on European put options. Explain
the payoffs in different types of put option positions
with the help of diagrams.

(d) (i) A trader writes an October put option with a
strike price of I35. The price of the option is
6. Under what circumstances does the trader
make a gain.

(1) A company knows that it is due to receive a
certain amount of a foreign currency in 6
months. What type of option contract is
appropriate for hedging?

3. (a) Draw the diagrams illustrating the effect of
changes in volatility and risk-free interest rate on
both European call and put option prices when
S,=50, K=50, r=5%, 6=30%, and T=1.

(b) Derive the put-call parity for European options on
a non-dividend-paying stock. Use put-call parity
to derive the relationship between the vega of a
European call and the vega of a European put on
a non-dividend-paying stock.

(¢) A European call option and put option on a stock
both have a strike price of ¥20 and an expiration
date in 3 months. Both sell for 3. The risk-free
interest rate is 10% per annum, the current stock
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price is 19, and a T dividend is expected in 1
month. Identify the arbitrage opportunity open to
a trader? (¢ %% = (.9917)

(d) Find Tower bound and upper bound for the price
of a 1-month European put option on a non-
dividend-paying stock when the stock price is 230,
the strike price is ¥34, and the risk-free interest
rate 1s 6% per annum? Justify your answer with
no arbitrage arguments, (e 0% =0.9950)

4. (a) Consider the standard cne-period model where
the stock price goes from Sy to Sgu or S d with
d <1 <u, and consider an option which pays f or
f, in each case, and assume that the interest rate
is r and time to maturity is T. Derive the formula

for the no-arbitrage price of the option.

(b) A stock price is currently ¥40. It is known that at
the end of one month it will be either 42 or ?38.
The risk-free interest rate is 6% per annum with
continuous compounding. Consider a portfolio
consisting of one short call and A shares of the
stock. What is the value of A which makes the
portfolio riskless? Using no-arbitrage arguments,
find the price of a one-month European call option
with a strike price of ¥397 (You can use
exponential value: ¢"” = 1.005)

P.T.O.
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(c) Construct a two-period binomial tree for stock and

European call option with
S, =X100,u=1.3,d=0.8,r=0.05,T= I year, K =395
(

and each period being of length At = 0.5 year.
Find the price of the European call. If the call
was American, will it be optimal to exercise the

option early? Justify your answer. (e"%025 = (0.9753)

(d) What do you mean by the volatility of a stock?
How can we estimate volatility from historical
prices of the stock?

5. (a) Let S, denote the current stock price, o the
volatility of the stock, r be the risk-free interest
rate and T denote a future time. In the Black-

Scholes model, the stock price S.. at time T in the
risk-neutral world satisfies

02
In St~ ¢ 1nSo+ I'-7 T, 02T

where ¢(m, v) denotes a norma distribution with
Mean m and variance v

Using risk-neutral valuation, derive the Black-
Scholes formulg for the price of 3 European call

option on the underlying stock S, strike price K
and Maturity T,
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(b) A stock price follows log normal distribution with
an expected return of 16% and a volatility of 35%.
The current price is ¥38. What is the probability
that a Buropean call option on the stock with an
exercise price of ¥40 and a maturity date in six
months will be exercised? (You can use values:
In(38) = 3.638, In(40) = 3.689)

(¢) What is the price of a European call option on a
non-dividend-paying stock when the stock price is
369, the strike price is ¥70, the risk-free interest
rate is 5% per annum, the volatility is 35% per
annum, and the time to maturity is six months?

(You can use exponential values: e %4 = 0.9857,
€002 = (0.9753 )

(d) A stock price is currently ¥40. Assume that
the expected return from the stock is 15% and

that 1ts volatility 1s 25%. What is the probability
distribution for the rate of return (with continuous
compounding) earned over a 2-year period?

6. (a) Discuss theta of a portfolio of options and calculate
the theta of a European call option on a non-
dividend-paying stock where the stock price is 49,
the strike price is ¥50, the risk-free interest rate
is 5% per annum and the time to maturity is 20
weeks, and the stock price volatility is 30% per
annum. (In(49/50) = -0.0202 )

P.T.O.
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(b) (i) Explain stop-loss hedging scheme.

(i) What does it mean to assert that the delta of
a call option is 0.7? How can a short position

in 1,000 options be made delta neutral when
the delta of each option is 0.7?

(c) Find the payoff from a butterfly spread created
using call options. Also draw the profit diagram
corresponding to this trading strategy.

(d) Companies X and Y have been offered the

following rates per annum on a 5 million 10-year

investment :

Fixed rate Floating rate
Company X 8.0% LIBOR
Company Y 8.8% LIBOR

Company X requires a fixed-rate Investment;
Company Y requires a floating-rate investment.
Design a swap that will net a bank, acting as
intermediary, 0.2% per annum and that will appear
cqually attractive to X and Y.
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I. (a) (i) Prove that If F 1s a field, then F[x] 1s a

Principal Ideal Domain.
(ii) Is Z[x], a Principal Ideal Domain? Justity

your answer.
(b) Prove that <x2 4+ 1> is not a maximal ideal 1n

Z[x].
[x] P.T.O.
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(¢) State and prove the reducibility test for polynomials

of degree 2 or 3. Does it fail in higher order

polynomials? Justify. (4+2,6,6)

9

(a) (i) State and prove Gauss’s Lemma.

(i1) Is every irreducible polynomial over Z
primitive? Justify.

(b) Construct a field of order 25.

(¢) In Z[ (—5)], prove that 1+3,/(-5) is irreducible

but not prime. (4+2.5,6.5,6.5)

(a) Let V = R’ and define f,, f,, f, € V" as follows:
f,(x,y,z) = x - 2y,

f(x,y,z) =x+y+ z
f,(x,y,z) =y - 3z

Prove that {f|,f, f,} is a basis for V" and then
find a basis for V for which it is the dual basis.

(b) Test the linear operator T: P,(R) — P,(R), T(f(x))
= f(0) + f(1)(x + x?) for diagonalizability and if

diagonalizable, find a basis B for V such that [Tlg
1s a diagonal matrix.

| 1 4) _
(c) Let A =(2 3)6 M,,, (R). Find an expression for

n . . .
A" where n is an arbitrary natural number.

(6,6,0)
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4. (a) For a linear operator T: RY —» RY, T(a, b, ¢) =

(=b+c,a+ ¢, 3¢), determine the T-cyclic subspace
. .
W of RY generated by ¢, = (1,0, 0). Also find the

characteristic polynomial of the operator T .

(b) State Cayley-Hamilton theorem and verify it for

the linear operator T:P,(R) — P,(R), T(f(x)) =
f'(x).

(¢) Show that the vector space R* = W, & W, & W,
where W, = {(a, b,0,0): a, b € R), W, = {(0,0,

c.0): ¢ € R} and W, = {(0,0,0,d): d € R}.
(6.5,6.5,6.5)
5. (a) Consider the vector space C over R with an inner
product <.,.>. Let Z denote the conjugate of z.
Show that <.,.>’ defined by <z, w>'=<7Z,w> for
all z, we C is also an inner product on C. Is
<.,.>" defined by <z, w>"=<z + 7z, w + w> for all

z, w € C an inner product on C? Justify your

answer.

(b) Let V = P(R) with the inner product <p(x), q(x)>

1
_ Llp(t)q(t)dt Vp(x), q(x) € V. Compute the

orthogonal projection of the vector p(x) = x2& !
P,(R), where k € N,

on
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(c) (i) For the inner product space V = P (R) with

|
<f, g> = L f(t)g(t)dt and the linear operator

T on V defined by T(f) = f' + 3f, compute
T*(4 - 2t).

(ii) For the standard inner product space V = R3
and a linear transformation g: V — R given
by g(a,, a,, a,) = a, — 2a, + 4a,, find a vector
y € V such that g(x) =<x,y> for all x e V.

(6,6,2+4)

6. (a) Prove that a normal operator T on a finite-

dimensional complex inner product space V yields

an orthonormal basis for V consisting of
eigenvectors of T. Justify the validity of the
conclusion of this result if V is a finite-dimensional

real inner product space.

(b) Let V.= M, ,(R) and T: V — V be a linear
operator given by T(A) = AT. Determine whether

T is normal, self-adjoint, or neither. If possible,
produce an orthonormal basis of eigenvectors of

T for V and list the corresponding eigenvalues.

2 1 1
(c) For the matrix A={1 2 1/ find an orthogonal
1 1 2

matrix P and a diagonal matrix D such that

P'AP = D (6.5,6.5,6.5)

(1000)
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(a) Determine 411 solutions in the positive integers of
1. (a ‘
the Diophantin¢ equation

18x + Sy = 48.
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g

(b) Using Fuclidean algorithm and theory of linegs
Diophantine cquation, divide 100 into tywq
summands such that one is divisible by 7 and other

by 11.
(¢) Write a short note on Prime number theorem.

(d) If ca = cb (mod n) then prove that a =b (mod n/d),
where d = gcd (c, n).

(a) Verify that 0, 1, 2, 2%, 2° ........ 29 form a complete
set of residues modulo 11, but that 0, 1%, 2%, 3
...... 10?2 do not.

(b) Find the solutions of the system of congruences:

3x + 4y

5 (mod 13)

2x + Sy

7 (mod 13).

(¢) Use Fermat’s theorem to verify that 17 divides
l ] 104 + ] .

(d) Find the remainder when 2(26!) 18 divided bY
29.
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3. (a) Let Fand £ be two number — theoretic functions

related by the formula

F(n)=> r(d)

d/n
Prove f(n) = Z(”nu(d)F(n/d) Z(”nu(n/d)F(d).

(b) Verify that 1000! terminates in 249 zeros.

(¢) Use Euler’s theorem for any integer a, to prove
that a'* = a (mod 2730)

(d) Prove that @ (2"—1) is a multiple of n for any

n>1.

4. (a) For any positive integer n, prove

A(n) = nZd|nu(d)/d.

(b) Define primitive roots of an integer by an example
and show that if F_=2"+1,n>1,1s a prime

then 2 is not a primitive root of F .

(¢c) If p is a prime number and d|p—1, then show that
there are exactly @(d) incongruent integers having

order d modulo p.

(d) Determine all the primitive roots of the primes
p=11,19, and 23, expressing each as a power of

one of the roots.
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5. (a) If ged (m, n) = 1, where m>2 and n> 2, then
prove that the integer ‘mn’ has no primitive roots.
(b) Solve the quadratic congruence

3x? + 9x + 7 = 0(mod 13).

(c) Show that 3 1s quadratic residue of 23, but a
nonresidue of 31.

(d) Prove that there are infinitely many primes of the
form 4k+1.

(a) Find the value of Legendre symbol (1234/4567).

(b) Solve the quadratic congruence

x? = 23 (mod 7%,

(¢) Using the linear cipher C=5p + 11 (mod 26),

Cncrypt the message NUMBER THEORY IS
EASY.

(d) When the RSA algorithm g p

:‘n, k) = (3233, 37), what is the r
or the Cryplosystem?

ased on the key

ecovery exponent
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